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Dualities play a central role in both quantum field theories and condensed matter systems. Re-
cently, a web of dualities has been discovered in 2+1 dimensions. Here, we propose in particular
a generalization of the Son’s fermion-fermion duality to 3+1 dimensions. We show that the action
of charged Dirac fermions coupled to an external electromagnetic field is dual to an action of neu-
tral fermions minimally coupled to an emergent vector gauge field. This dual action contains also
a further tensor (Kalb-Ramond) gauge field coupled to the emergent and electromagnetic vector
potentials. We firstly demonstrate the duality in the massive case. We then show the duality in
the case of massless fermions starting from a lattice model and employing the slave-rotor approach
already used in the 2+1-dimensional duality [Burkov, Phys. Rev. B 99, 035124 (2019)]. We finally
apply this result to 3D Dirac semimetals in the low-energy regime. Besides the implications in topo-
logical phases of matter, our results shed light on the possible existence of a novel web of dualities
in 3+1-dimensional (non-supersymmetric) quantum field theories.
INTRODUCTION
Dualities are powerful and non-perturbative relations
between apparently different theories. They have a
long history in both high-energy and condensed mat-
ter physics [1, 2]. Dual models allow us to understand
many aspects that are not easily accessible by analyzing
directly the original starting models. Among them, in
high-energy physics we can remind the AdS/CFT corre-
spondence [3], S-duality [4], T-duality [5] and the more
recent Chern-Simons-matter dualities [6, 7].
In condensed matter physics, one of the most well stud-
ied duality is the particle-vortex duality that relates two
different bosonic systems in 2+1 dimensions [8, 9]. There
have been recently a profound understanding of 2+1-D
dualities in topological systems thanks to the seminal
work by Son [10], who proposed a novel fermion-fermion
duality in the fractional quantum Hall effect. Here, a
charged Dirac fermion coupled to an external electro-
magnetic field is shown to be dual to a composite neu-
tral Dirac fermion coupled to an emergent vector gauge
field, which is coupled to the electromagnetic potential
through a topological BF term. A more rigorous deriva-
tion of this correspondence on the lattice has been carried
out in some papers [11, 12]. Besides, the quantum Hall
effect, this duality has been employed to study the sur-
face of three-dimensional topological insulators [13, 14].
A web of dualities has been then unveiled with many
non-trivial relations between free and interacting theories
with bosons and fermions [15–27]. Some of these results
are deeply connected to higher-dimensional bosonization
[16, 28–30]. Thus, these dualites do not have only im-
portant impact in condensed matter systems, but have
also relevant implications in high-energy physics. Be-
cause both gauge fields and effective relativistic fermions
are ubiquitous in topological phases of matter in any di-
mension [31], it is then natural to wonder if a web of
dualities can exist in higher dimensions. Very recent re-
sults in 3+1-D bosonization and boson-fermion duality
suggest that this is the case [32–37].
In this work, we provide a novel fermion-fermion dual-
ity in 3+1 dimensions by generalizing the Son’s duality
[10]. We will show that the action of free charged Dirac
fermions coupled to an external electromagnetic field is
dual to an action containing composite neutral fermions
coupled to an emergent vector gauge field together and
a tensor (Kalb-Ramond) gauge field [38] coupled to both
the emergent and electromagnetic fields through a topo-
logical BF term. Differently from the lower-dimensional
fermion-fermion duality, in our case the dual action con-
tains two independent gauge fields. This can be naturally
explained from the fact that the topological BF coupling
in 3+1 dimensions [39], naturally involves a vector and
tensor gauge fields. We remind that the B-field has many
important applications in topological quantum field theo-
ries [39, 40], string theory [38, 41, 42] and condensed mat-
ter physics [43–51]. Moreover, its momentum-space ver-
sion has been recently introduced in band theory to de-
fine generalized Berry connections and tensor monopoles
[52, 53]. The Kalb-Ramond field appears also in a 3+1-D
version of the particle-vortex duality [54] and bosoniza-
tion [32, 33, 36, 55–58]. Finally, we will show a natural
application of our duality to 3D Dirac semimetals [59, 60].
This work sheds light on the existence of novel and un-
suspected dualities between apparently different fermion
models in 3+1 dimensions with very relevant implications
in both topological phases and high-energy physics.
DUALITY IN THE MASSIVE CASE
We start presenting our fermion-fermion duality in 3+1
dimensions, between free Dirac fermions ψ coupled to an
2electromagnetic field Aµ
S1[ψ¯, ψ,Aµ] =
ˆ
M
d4x ψ¯ Γµ(∂µ + iAµ)ψ, (1)
with µ = {x, y, z, t}, M is the 3+1-D flat manifold, ψ¯ =
ψ†Γ0, Γµ are 4×4 Dirac matrices, and composite neutral
Dirac fermions f coupled to an emergent Abelian gauge
field aµ
S2[f¯ , f, Aµ, aµ, Bµν ] =
ˆ
M
d4x
[
f¯ Γµ(∂µ + iaµ)f
−(1/8π)ǫµνλδBµν(Fλδ(A) + Fλδ(a))
+(1/32π2χ)HµνλH
µνλ
]
, (2)
where Fλδ(A) = ∂λAδ − ∂δAλ, Fλδ(a) = ∂λaδ − ∂δaλ,
Hµνλ = ∂µBνλ + ∂νBλµ + ∂λBµν and χ is a real pa-
rameter. Here, Bµν is an emergent anti-symmetric ten-
sor gauge field coupled to both aµ and Aµ. This tensor
field, known as Kalb-Ramond field in the string-theory
literature [38, 41] is Abelian and transforms as follows:
Bµν → Bµν + ∂µζν − ∂νζµ, where ζµ is a generic vec-
tor field that contains the gauge redundancy. Impor-
tantly, when M is compact, the BF terms in Eq.(2) are
gauge invariant [39]. Our proposal naturally generalizes
the Son’s fermion-fermion duality in 2+1 dimensions [10].
However, differently from the lower-dimensional case, in
our dual action Eq. (2) there appear two independent
gauge fields. A couple of comments are necessary at
this point. In the original fermion-fermion duality, one
of the main ingredients is given by the presence of the
2+1-dimensional BF term (or mixed Chern-Simons term)
that couples the emergent gauge field to the electromag-
netic potential. In Eq. (2) there appears the natural
higher-dimensional version of this topological term. Im-
portantly, the Kalb-Ramond field cannot couple directly
to fermions due to a lacking of gauge invariance and for
this reason there emerges a further U(1) vector gauge
field aµ, which couples directly to the neutral fermion
field. Importantly, the additional degrees of freedom in
S2 given by the kinematic term of the Kalb-Ramond field,
are vortices, which in 3+1 dimensions behave like strings.
The demonstration of this duality for massless fermions
on the lattice will be presented in the next section.
In the massive case instead the duality in the contin-
uum can be proved in a straightforward way as we show
now. By adding a Dirac massm, with m < 0, in both ac-
tions in Eqs. (1) and (2), we can integrate out the charged
and neutral fermions, by obtaining the corresponding ef-
fective actions Seff1 [Aµ] and S
eff
2 [Aµ, aµ, Bµν ] respectively,
in the low-energy (infrared) regime. At leading order,
the two effective actions contain topological theta terms
[61, 62] for Aµ and aµ, respectively
Seff1 [Aµ] =
1
32π
ˆ
M
d4x ǫµνλδFµν(A)Fλδ(A), (3)
Seff2 [Aµ, aµ, Bµν ] =
ˆ
M
d4x ǫµνλδ [(1/32π)Fµν(a)Fλδ(a)
−(1/8π)Bµν(Fλδ(A) + Fλδ(a)) + (1/32π
2χ)HµνλH
µνλ
]
.
(4)
In the low-energy limit, the topological terms in Seff2
are dominant. Thus, in the massive case we can ne-
glect the kinematic term in Eq. (4) and the tensor gauge
field behaves like a Lagrange multiplier field. By varying
Seff2 [Aµ, aµ, Bµν ] with respect to Bµν we obtain
Fλδ(a) = −Fλδ(A). (5)
By using this relation between the two vector fields in
Eq. (4), we recover an action that depends only on Aµ
and coincides with Seff1 [Aµ] in Eq. (3). We remind that
the topological theta term Seff1 [Aµ] describes the bulk of
time-reversal-invariant 3D topological insulators in pres-
ence of an external electromagnetic potential [61]. On
the other hand, the BF theory in Eq. (4) has been also
employed to describe these topological phases [32, 45].
Thus, our duality in the massive case naturally ap-
plies to these quantum systems, which are characterized
on boundary by topologically protected massless Dirac
fermions due to time-reversal symmetry. Here, we want
to stress the fact that massive Dirac fermions play a cen-
tral role in the duality because the theta terms in Eqs.
(3) and (4) would not have been obtained in the case we
had considered, for instance, non-relativistic fermions.
We show now that there exists a natural duality be-
tween the 2+1-D topological field theories defined on the
gapped boundary of Eqs. (3) and (4). We define Seff1 [A]
and Seff2 [Aµ, aµ, Bλδ] on a slab geometry M with open
boundary ∂M . Massless Dirac modes on the boundary
can be gapped by introducing, for instance, an external
Zeeman field that breaks time-reversal symmetry. The
gapped bulk of Seff1 [A] is given by an Abelian Chern-
Simons (CS) theory
SCS [Aµ] =
1
8π
ˆ
∂M
d3x ǫµνλAµ∂νAλ, (6)
which has been derived by employing the Stokes theorem
[49]. This is the effective action for half-integer quan-
tum Hall states. The topological boundary theory for
Seff2 [Aµ, aµ, Bµν ] can be derived by following Ref. [45]. It
is given by
SCS[Aµ, aµ, bµ] =
1
8π
ˆ
∂M
d3x ǫµνλ (aµ∂νaλ − bµ∂νaλ − bµ∂νAλ) ,
(7)
where bµ is a novel vector gauge field induced by the
Kalb-Ramond field on the boundary. In fact, the BF
terms are not gauge invariant on manifolds with bound-
3in Eq. (7), such that the total system, bulk plus bound-
ary, preserves the gauge invariance [45]. By integrat-
ing out first aµ and then bµ, we obtain a Chern-Simons
term that depends only on Aµ and coincides with Eq. (6).
Clearly, this correspondence holds because of the 3+1-D
duality in the bulk. In the next section, we will demon-
strate the nontrivial duality in the massless case by start-
ing with fermions on the lattice.
DUALITY FROM A LATTICE MODEL
We start considering a three-dimensional tight-binding
model on a cubic lattice for fermions coupled to an ex-
ternal electromagnetic field. The corresponding Hamil-
tonian is given by [61]
Hψ =
∑
r,s
[
ψ†r
(
ξΓ0 − iΓs
2
)
eiAr,r+sˆψr+sˆ
]
+ h.c. (8)
+
∑
r
ψ†r
[
sinφΓ5 + (m+ ξ cosφ)Γ0 − iAr,0
]
ψr,
where r = {x, y, z} is the site index, φ is an adiabatic
parameter, m and ξ are real constant parameters, Ar,r+sˆ
is the electromagnetic field introduced through a Peierls
substitution on the lattice link (r, r+sˆ) with sˆ ≡ (xˆ, yˆ, zˆ),
ψr is a four-component spinor and Γ
α are the Dirac ma-
trices, with Γ5 = iΓ0Γ1Γ2Γ3 the chiral matrix. This
Hamiltonian describes Dirac fermions on the lattice and
the bulk properties of time-reversal invariant topologi-
cal insulators. Originally, this model was introduced in
lattice gauge theory to study relativistic fermions in the
discrete, named also Wilson fermions [63–65]. On the
second line in Eq. (8) we can recognize the usual Dirac
mass proportional to Γ0. In the continuum limit (low-
energy regime) at Γ-point (with Γ ≡ (0, 0, 0)) for φ = 0
and ξ → 0, we obtain the standard Dirac Hamiltonian
Hψ =
ˆ
d3x
[
ψ†Γj(∂j + iAj)ψ +mψ
†Γ0ψ − iA0ψ
†ψ
]
,
(9)
with j = {x, y, z}. We are interested here to derive the
dual model of this free fermion system in the massless
regime. For this reason, we fix m = 0 and take φ = 0
for simplicity in Eq. (8). This gapless system can de-
scribe 3D Dirac semimetals [60] and the implications of
our results in these topological systems will be stressed
in the next section. By following Ref. [12], we employ the
slave-rotor approach to derive the dual theory of Eq. (8).
We decompose the fermion creator operator ψ†r as follows
[66]
ψ†r = e
iθrf †r , (10)
where eiθr is the creator operator for spinless bosons and
f †r is a fermion creator operator associated to neutral
fermions. The conjugate of θr is given by the number
operator nr, such that [θr, nr] = i. Like in Ref. [12],
we consider the situation in which the slave rotor field
does not condense, namely 〈eiθr 〉 6= 0. Importantly, the
neutral fermion operator satisfies the following condition
f †r fr = nr + 1, (11)
where there is no summation on the r index. Here, nr =
−1 represents the state with no electrons on site r, nr = 0
is the two states with one electron and finally nr = 1 is
the state with two electrons at r. By substituting Eq.
(10) in the lattice Hamiltonian (8), we have
Hf = (12)∑
r,s
[
f †r
(
(ξΓ0 − iΓs)/2
)
ei(Ar,r+sˆ+∆sˆθr)fr+sˆ
+h.c.+ ξf †rΓ
0fr − inrAr,0
]
,
where ∆sˆθr = θr−θr,r+sˆ. The corresponding imaginary-
time action (τ = it) is then given by
S =
ˆ β
0
dτ
∑
r,s
[
f †r∂τf
†
r − inr(∂τθr +Ar,0)+ (13)
iλr(f
†
r fr − nr − 1) + ξf
†
rΓ
0fr+
f †r
(
(ξΓ0 − iΓs)/2
)
ei(Ar,r+sˆ+∆sˆθr)fr+sˆ + h.c.
]
,
where λr is the Lagrange multiplier field included to im-
pose Eq. (11) in the action. To deal with the last term
in Eq. (13), we introduce an Hubbard-Stratonovich field
h ≡ χeia defined on the lattice [67]. By considering its
magnitude χ constant, Eq. (13) can be rewritten as fol-
lows
S = (14)ˆ β
0
dτ
∑
r,s
[
f †r (∂τ + iar,0)f
†
r − inr(∂τθr +Ar,0 + ar,0)+
ξf †rΓ
0fr + χf
†
r
(
(ξΓ0 − iΓs)/2
)
eiar,r+sˆfr+sˆ + h.c.
+χ cos (∆sˆθr +Ar,r+sˆ + ar,r+sˆ)] ,
where ar,0 ≡ λr .
After employing the Villain approximation for the last
term in Eq. (14) [12], the action can be decomposed as
follows
S = Sf + Sθ, (15)
where
Sf =
ˆ β
0
dτ
∑
r,s
[
f †r (∂τ + iar,0)f
†
r + ξf
†
rΓ
0fr+ (16)
χf †r
(
(ξΓ0 − iΓs)/2
)
eiar,r+sˆfr+sˆ + h.c.
]
,
Sθ =
ˆ β
0
dτ
∑
r,s
[
iJr,0(∂τθr +Ar,0 + ar,0)+ (17)
iJr,r+sˆ (∆sˆθr +Ar,r+sˆ + ar,r+sˆ) + (1/2χ)(J
r,r+sˆ)2
]
,
4where Jr,r+sˆ is the bosonic current, while its temporal
component Jr,0 is identified with nr. In the continuum
limit (i.e. long-wavelength limit), Eq. (16) becomes
Sf =
ˆ
d4x f¯ Γµ(∂µ + iaµ)f, (18)
where f¯ = f †Γ0 and µ = {x, y, z, t}. In this limit, ∆sˆ be-
comes the standard spacial derivative and by integrating
out θ in Eq. (17), we obtain
∂µJ
µ = 0. (19)
A solution for this equation is given by
Jµ =
1
4π
ǫµνλδ∂νBλδ, (20)
where Bλδ is an antisymmetric tensor gauge field. After
integrating by parts, our dual action in the continuum
acquires its final form
S =
ˆ
M
d4x
[
f¯ Γµ(∂µ + iaµ)f
−(1/8π)ǫµνλδBµν(Fλδ(A) + Fλδ(a))
+(1/32π2χ)HµνλH
µνλ
]
, (21)
which coincides with Eq. (2). Importantly, the above
kinematic term for the Kalb-Ramond field gives rise to
(dynamical) string-like vortices, which are not gapped.
This is also compatible with the absence of condensation
of the slave rotor field as specified below Eq. (10).
Thus we have shown that a duality holds between
Eqs. (1) and (2). This represents the main result of this
paper.
Finally, we can identify a vector field a¯µ associated
to the vortex loop current as a linear combination of
the Hubbard-Stratonovich and electromagnetic fields,
namely a¯µ = aµ+Aµ. A vortex loop current J
µν can be
introduced in the dual action as follows
S → S + JµνBµν . (22)
By avoiding for simplicity the kinematic term for Bµν ,
which does not affect our conclusions, we can vary S
with respect to Bµν , by getting
Jµν =
1
4π
ǫµνλδ∂λa¯δ, (23)
where Jµν is clearly conserved. This show that a¯µ is
the physical field associated to the vortex loop current at
ground state.
3D DIRAC SEMIMETALS
After the discovery of graphene [68], there have been
many efforts to find out higher-dimensional quantum
systems supporting massless Dirac quasiparticles [60].
Dirac semimetals are novel topological semimetals with
many unique features [59]. These systems are both
time-reversal and inversion invariant, supporting a Dirac
point, which is protected by spacial group symmetries.
They are described in the low-energy regime, by a three-
dimensional massless Dirac Hamiltonian in the bulk given
by Eq. (9) with m = 0. Moreover, they can be built by
stacking two-dimensional quantum spin Hall insulators
in the momentum space along, for instance, the kz di-
rection. By applying an external electromagnetic field in
this system, one can derive the topological response of
the bulk due to the external probing, such as the chiral
anomaly [69].
In this context, our duality implies that the free-
fermion model describing Dirac semimetals can be
mapped to an interacting phase, in which there appear
a composite Dirac field, an emergent static vector gauge
field aµ and a dynamical Kalb-Ramond field Bµν . This is
analogous to the 2+1-D fermion-fermion duality on the
boundary of 3D topological insulators, where point-like
vortices emerge in the dual action [13, 14]. However, in
our case, the tensor gauge field gives rise to string-like
vortices in the bulk, which could carry fractional statis-
tics in 3+1 dimensions [51].
Interactions in Dirac semimetals have been intensively
analyzed in several works [70–72]. With strong repul-
sive interactions, the system becomes gapped due to
the chiral symmetry breaking that gives rise to a dy-
namical mass generation. On the other hand, attrac-
tive interactions can give rise to superconducting ground
states. The Dirac semimetal is robust against sufficiently
weak electron-electron interactions because the density of
states vanishes at the touching point (i.e. Dirac point).
Thus, our massless dual action in Eq. (2) holds in this
weakly-interacting limit. In particular, from the varia-
tion of S2[f¯ , f, Aµ, aµ, Bµν ] with respect to aµ we have
that
if¯ Γµf =
1
4π
ǫµνλδ∂νBλδ, (24)
where the conserved current jµ = if¯ Γµf describes the
low-energy matter fluctuations and is expressed in terms
of the B-field, which plays the role of hydrodynamic
gauge field for string-like vortices [49]. Finally, the dual-
ity shows that 3D Dirac semimetals are not only topolog-
ical at the level of the momentum-space band structure
but are topological even in their low-energy description
in real space.
CONCLUSIONS
In this paper, we have proposed a novel duality be-
tween two apparently different fermion models in 3+1 di-
mensions. One model is defined by a charged Dirac field
coupled to an external electromagnetic potential, while
5the second one is given in terms of a neutral fermion field
coupled to an emergent Abelian vector gauge field. This
second model contains also an emergent tensor gauge
field coupled to both the emergent and external vec-
tor potentials. This fermion-fermion duality represents
the natural generalization of the 2+1-dimensional duality
proposed by Son. The demonstration of the correspon-
dence in the massive case is straightforward while the
non trivial massless case requires a more sophisticated
approach on the lattice through the slave-rotor formalism
[12]. The proof of the duality for massless Dirac fermions
by using uniquely quantum-field-theory techniques in the
continuum will be presented in future work.
Our results do not have only relevant applications in
topological phases of matter, but shed new light on duali-
ties in higher dimensions making a glimpse of a novel web
of dualities. In this new scenario, the fermion-fermion du-
ality together with the recently discovered boson-fermion
duality [37] would give rise, for instance, to a novel
higher-dimensional boson-boson duality, with very rel-
evant implications in both condensed matter and high-
energy physics.
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